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SPECTRAL PROPERTY OF SELF-AFFINE MEASURES ON Rn
JING-CHENG LIU AND JUN JASON LUO
Abstract. We study spectral properties of the self-affine measure µM,D gener-
ated by an expanding integer matrix M ∈Mn(Z) and a consecutive collinear digit
set D = {0, 1, . . . , q − 1}v where v ∈ Zn \ {0} and q ≥ 2 is an integer. Some
sufficient conditions for µM,D to be a spectral measure or to have infinitely many
orthogonal exponentials are given. Moreover, for some special cases, we can ob-
tain a necessary and sufficient condition on the spectrality of µM,D. Our study
generalizes the one dimensional results proved by Dai, et al. ([4, 5]).
1. Introduction
Let µ be a Borel probability measure with compact support on Rn, We call µ a
spectral measure if there exists a discrete set Λ ⊂ Rn such that the set of complex
exponentials E(Λ) := {e2πi<λ,x> : λ ∈ Λ} forms an orthonormal basis for L2(µ).
The set Λ is called a spectrum for µ. The interest of spectral measures was initialled
by Fuglede [9] and his famous conjecture: χΩdx is a spectral measure on R
n if and
only if Ω is a translational tile. Later it was proved that the conjecture is false in
both directions on Rn for n ≥ 3 ([25], [13], [14]); but it is still open for n = 1, 2.
Moreover, the problem of spectral measures is also very attractive when we replace
the Lebesgue measure µ by fractal measures such as self-similar/affine measures.
Let M ∈Mn(Z) be an expanding matrix (i.e., all the moduli of eigenvalues of M
are strictly larger than one) and D ⊂ Zn be a finite digit set. Then the maps
φd(x) =M
−1(x+ d), d ∈ D
are contractive with respect to a suitable norm in Rn [16] and it is well known that
there is a unique nonempty compact set T := T (M,D) satisfying the set-valued
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equation [11]:
T =
⋃
d∈D
φd(T ).
Such T is called the self-affine set (or attractor) of the iterated function system
(IFS) {φd}d∈D. A self-affine set can be equipped with a unique invariant probability
measure µ := µM,D defined by
µ =
1
|D|
∑
d∈D
µ ◦ φ−1d ,
and µM,D is supported on T . We call µM,D a self-affine measure [11]. In particular,
ifM is a multiple of an orthonormal matrix, T and µM,D are often called self-similar
set and self-similar measure, respectively.
It is natural to ask whether µM,D is a spectral measure. Jorgenson and Pederson
[12] first studied the spectral property of certain Cantor measures. It was found
that the 1/4-Cantor measure µ1/4 on R is a spectral measure while the 1/3-Cantor
measure µ1/3 is not. Hu and Lau [10] further investigated the spectrality of Bernoulli
convolutions µρ, and observed that L
2(µρ) contains an infinite orthonormal set of
exponential functions if and only if the contraction ratio ρ is the n-th root of a
fraction p/q where p is odd and q is even. Recently, Dai [3] completely settled the
problem that the only spectral Bernoulli convolutions are of the contraction ratio
1/2k. As a generalization of the Bernoulli convolution, Dai, He and Lai [4] studied
the self-similar measure generated by a positive integer b and consecutive digits
D = {0, 1, . . . , q − 1}, it was proved that L2(µb,D) has infinitely many orthogonal
exponentials if and only if gcd(q, b) > 1, and µb,D is a spectral measure provided
q|b. After that, replacing the integer b by any real number b′ > 1, Dai, He and Lau
[5] showed that µb′,D is a spectral measure if and only if b
′ ∈ N and q|b′. For more
general cases such as Moran measures, we refer to [1, 2].
However, there are few results on the spectrality of self-affine measures ([6]-[8],
[17]-[22]), among which Li ([17]-[22]) mainly considered the spectrality or non-
spectrality of some self-affine measures in low dimensions. For example, Li and
Wen [22] studied the measure µM,D generated by M ∈ M2(Z) and D = {0, 1}v,
where v ∈ Z2 \ {0}. They obtained that µM,D admits an infinite orthonormal set
if det(M) is even; if v is the eigenvector of M with eigenvalue ℓ, then µM,D is a
spectral measure if and only if ℓ is even.
Motivated by the above results, in this paper, we study the spectrality of self-affine
measures on Rn with consecutive collinear digits. First we need a decomposition
of integer matrices, which may be known but we can not find the reference, so we
provide a proof in Section 3 (see Lemma 3.5).
Let M ∈ Mn(Z), v ∈ Zn \ {0}, and let r be the rank of the set of vectors
{v,Mv, . . . ,Mn−1v}. Then there exists a unimodular matrix B ∈Mn(Z) such that
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Bv = (x1, . . . xr, 0, . . . , 0)
t and
BMB−1 =
[
M1 C
0 M2
]
(1.1)
where M1 ∈ Mr(Z), M2 ∈ Mn−r(Z) and C ∈ Mr,n−r(Z). By making use of this
matrix decomposition, we have the main theorem of the paper.
Theorem 1.1. Let M ∈ Mn(Z) be an expanding matrix, D = {0, 1, . . . , q − 1}v
be a digit set where q ≥ 2 is an integer and v ∈ Zn \ {0}. If the set of vectors
{v,Mv, . . . ,Mn−1v} has rank r and M,M1 are expressed as in (1.1), then
(i) µM,D has infinitely many orthogonal exponentials if gcd(q, det(M1)) > 1;
(ii) µM,D is a spectral measure if q| det(M1).
In particular, if the characteristic polynomial of M1 is of the simple form f(x) =
xr+c, then we have the following necessary and sufficient condition on the spectrality
of µM,D.
Theorem 1.2. Under the same assumption of Theorem 1.1. If the characteristic
polynomial of M1 is f(x) = x
r + c, then
(i) µM,D has infinitely many orthogonal exponentials if and only if gcd(q, det(M1)) >
1;
(ii) µM,D is a spectral measure if and only if q| det(M1).
According to the dependence of the set of vectors {v,Mv, . . . ,Mn−1v}, we will
prove the above theorems by two steps: r = n (Theorems 3.2, 3.4) and r < n
(Theorem 3.6). The main idea is to use the techniques of linear algebra and matrix
analysis.
If the rank r = 1, then v becomes an eigenvector ofM andM1 = ℓ with character-
istic polynomial f(x) = x− ℓ, by Theorem 1.2, the following corollary is immediate.
Corollary 1.3. Under the same assumption of Theorem 1.1. If r = 1, in this case
v is an eigenvector of M and M1 = ℓ is the corresponding eigenvalue, then
(i) µM,D has infinitely many orthogonal exponentials if and only if gcd(q, ℓ) > 1;
(ii) µM,D is a spectral measure if and only if q|ℓ.
For the organization of the paper, we recall several basic concepts and lemmas in
Section 2 and prove the main results orderly in Section 3.
2. Preliminaries
In this section, we give some preliminary definitions and lemmas that we need in
proving our main results.
Definition 2.1. Let M ∈ Mn(Z) be an expanding matrix. Let D and S be finite sub-
sets of Zn with the same cardinality q. We say (M−1D, S) is an integral compatible
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pair if the matrix
H =
1√
q
[
e2πi<M
−1d,s>
]
d∈D,s∈S
is unitary, i.e., H∗H = I, where H∗ denotes the transposed conjugate of H. At this
time, (M,D, S) is called Hadamard triple.
It is fairly easy to construct an infinite mutually orthogonal set of exponential
functions using the Hadamard triple assumption. However, to check these expo-
nentials form a Fourier basis for L2(µ) is a much more difficult task. Jorgensen
and Pedersen conjectured that all Hadamard triples will generate self-affine spectral
measures. The conjecture was solved in dimension one by Laba and Wang [15].
Under various additional conditions, it was also valid in the high dimensions (see
[8], [23], [24]). Until recently, Dutkay, Haussermann and Lai [7] have completely
proved the conjecture.
Lemma 2.1 ([7]). Let (M,D, S) be a Hadamard triple. Then the self-affine measure
µM,D is a spectral measure.
The Fourier transform of µM,D plays a key role in studying the sepctrality of the
measure. We recall the definition by
µˆM,D(ξ) :=
∫
e2πi<x,ξ>dµM,D(x) =
∞∏
j=1
mD(M
∗−jξ), ξ ∈ Rn (2.2)
where mD(·) = 1|D|
∑
d∈D e
2πi〈d,·〉 is the mask polynomial of the digit set D. It is
easy to see that mD is a Z
n-periodic function for D ⊂ Zn. Let ZnD := {x ∈ [0, 1)n :
mD(x) = 0} be the zero set of mD in [0, 1)n. Then we have the following useful
criterion for the existence of infinitely many orthogonal systems.
Lemma 2.2 ([19]). Let M ∈Mn(Z) be an expanding matrix and D ⊂ Zn be a finite
digit set, if there exist α ∈ ZnD and ℓ ∈ N such that M∗ℓα ∈ Zn. Then there are
infinitely many orthogonal exponentials E(Λ) in L2(µM,D) with Λ ⊆ Zn.
Let M , M˜ be n× n integer matrices, and the finite sets D, S, D˜, S˜ be in Zn. We
say that two triples (M,D, S) and (M˜, D˜, S˜) are conjugate (through the matrix B) if
there exists an integer matrix B such that M˜ = B−1MB, D˜ = B−1D and S˜ = B∗S.
The following lemma is trivial.
Lemma 2.3. Suppose that (M,D, S) and (M˜, D˜, S˜) are two conjugate triples, through
the matrix B. Then
(i) if (M,D, S) is a Hadamard triple then so is (M˜, D˜, S˜);
(ii) µM,D is a spectral measure with spectrum Λ if and only if µM˜,D˜ is a spectral
measure with spectrum B∗Λ;
(iii) µM,D has infinitely many orthogonal exponentials E(Λ) in L
2(µM,D) if and
only if µM˜,D˜ has infinitely many orthogonal exponentials E(B
∗Λ) in L2(µM˜,D˜).
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Proof. The proofs of (i) and (ii) can be found in [8] (or [7]). In fact, it is easy to see
that E(Λ) is an orthogonal set in L2(µM,D) if and only if (Λ−Λ)\{0} ⊂ Z(µˆM,D) :=
{ξ ∈ Rn : µˆM,D(ξ) = 0}. Let λ1, λ2 ∈ Λ, then
mD˜(M˜
∗−jB∗(λ1 − λ2)) = mD˜(B∗M∗−j(λ1 − λ2))
=
1
|D|
∑
d∈D
e2πi〈B
−1d,B∗M∗−j(λ1−λ2)〉 = mD(M
∗−j(λ1 − λ2)).
Hence by (2.2), λ1 − λ2 ∈ Z(µˆM,D) if and only if B∗λ1 − B∗λ2 ∈ Z(µˆM˜,D˜), proving
(iii). 
3. Main results
In this section, we first consider the case that {v,Mv, . . . ,Mn−1v} are linearly
independent for expanding matrix M ∈ Mn(Z) and v ∈ Zn \ {0}. We will get the
sufficient conditions for µM,D to have infinitely many orthogonal exponentials or
to be a spectral measure that only depend on the value of det(M). The following
simple lemma is an important tool in constructing a suitable conjugate Hadamard
triple.
Lemma 3.1. Let M ∈ Mn(Z) be an integer matrix with characteristic polynomial
f(x) = xn + a1x
n−1 + · · ·+ an−1x + an and v = (x1, . . . , xn)t ∈ Zn \ {0}. If the set
of vectors {v,Mv, . . . ,Mn−1v} is linearly independent, then there exists an integer
matrix B, such that
M˜ :=

−a1 1 0 · · · 0
−a2 0 1 · · · 0
...
...
...
. . .
...
−an−1 0 0 · · · 1
−an 0 0 · · · 0
 = B−1MB (3.3)
and B−1v = (0, . . . , 0, 1)t.
Proof. LetB = [Mn−1v,Mn−2v, . . . ,Mv, v], then B is invertible andB(0, . . . , 0, 1)t =
v. Hence B−1v = (0, . . . , 0, 1)t. To prove (3.3), we only need to show that BM˜ =
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MB = [Mnv,Mn−1v, . . . ,M2v,Mv]. Indeed,
BM˜ =
[
Mn−1v,Mn−2v, . . . ,Mv, v
]

−a1 1 0 · · · 0
−a2 0 1 · · · 0
...
...
...
. . .
...
−an−1 0 0 · · · 1
−an 0 0 · · · 0

=
[
n∑
i=1
−aiMn−iv,Mn−1v, . . . ,M2v,Mv
]
=
[
(−
n∑
i=1
aiM
n−i)v,Mn−1v, . . . ,M2v,Mv
]
. (3.4)
Since f(x) is the characteristic polynomial of M , it follows that f(M) = Mn +
a1M
n−1 + · · · + an−1M + anI = 0 and Mn = −
∑n
i=1 aiM
n−i. By (3.4), we have
BM˜ = [Mnv,Mn−1v, . . . ,M2v,Mv] =MB. 
Theorem 3.2. Let D = {0, 1, . . . , q − 1}v with q ≥ 2, v ∈ Zn \ {0}, and let M ∈
Mn(Z) be an expanding matrix. If {v,Mv, . . . ,Mn−1v} is linearly independent, then
(i) µM,D has infinitely many orthogonal exponentials if gcd(q, det(M)) > 1;
(ii) µM,D is a spectral measure if q| det(M).
Proof. Suppose f(x) = xn+a1x
n−1+· · ·+an−1x+an is the characteristic polynomial
of M . Let M˜ be as in (3.3) and v˜ = (0, . . . , 0, 1)t. By Lemmas 2.3 and 3.1, it
suffices to prove the theorem for the measure µM˜,D˜ which is generated by M˜ and
D˜ = {0, 1, . . . , q − 1}v˜.
(i) For ξ = (ξ1, . . . , ξn)
t ∈ Rn, note that
mD˜(ξ) =
1
q
∑
d˜∈D˜
e2πi〈d˜,ξ〉 =
1
q
(1 + e2πiξn + e2πi2ξn + · · ·+ e2πi(q−1)ξn).
Then
Zn
D˜
:= {ξ ∈ [0, 1)n : mD˜(ξ) = 0}
= {(ξ1, . . . , ξn−1, j/q)t : ξ1, . . . , ξn−1 ∈ [0, 1), j = 1, . . . , q − 1}.
Suppose gcd(q, det(M)) = s > 1, let α := (0, . . . , 0, 1/s)t ∈ Rn, then α ∈ Zn
D˜
and
M˜∗α =

−a1 −a2 · · · −an−1 −an
1 0 · · · 0 0
...
...
. . .
...
...
0 0 · · · 0 0
0 0 · · · 1 0


0
0
...
0
1
s
 =

−an
s
0
...
0
0
 .
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As an = (−1)n det(M) = (−1)n det(M˜), then −ans ∈ Z and M˜∗α ∈ Zn. Lemma
2.2 implies that µM˜,D˜ has infinitely many orthogonal exponentials.
(ii) If q| det(M), let u = (−an
q
, 0, . . . , 0)t, S˜ = {0, 1, . . . , q−1}u, then |D˜| = |S˜| = q
and S˜ ⊂ Zn. Moreover,
M˜−1v˜ =

0 0 · · · 0 −1
an
1 0 · · · 0 −a1
an
...
...
. . .
...
...
0 0 · · · 0 −an−2
an
0 0 · · · 1 −an−1
an


0
0
...
0
1
 =

−1
an
−a1
an
...
−an−2
an
−an−1
an
 .
It yields that
H =
1√
q
[
e2πi〈M˜
−1d˜,s˜〉
]
d˜∈D˜,s˜∈S˜
=
1√
q
[
e2πi
kℓ
q
]
k,ℓ∈{0,1,...,q−1}
is unitary. Hence (M˜, D˜, S˜) is a Hadamard triple, and µM˜,D˜ is a spectral measure
by Lemma 2.1. 
In particular, if the characteristic polynomial of M is of the simple form: f(x) =
xn + c, we obtain a sufficient and necessary condition for µM,D to have infinitely
many orthogonal exponentials or to be a spectral measure. The following lemma
was due to Dai, He and Lau [5].
Lemma 3.3. Let µ = µ1 ∗ µ2 be the convolution of two probability measures µi,
i = 1, 2, and they are not Dirac measures. Suppose that E(Λ) is an orthogonal set
of µ1 with 0 ∈ Λ, then E(Λ) is also an orthogonal set of µ, but cannot be a spectrum
of µ.
Theorem 3.4. Under the same assumption of Theorem 3.2 and the matrix M with
characteristic polynomial f(x) = xn + c, then
(i) µM,D has infinitely many orthogonal exponentials if and only if gcd(q, det(M)) >
1;
(ii) µM,D is a spectral measure if and only if q| det(M).
Proof. Likewise Theorem 3.2, we consider the conjugate situation where the matrix
M˜ :=

0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
−c 0 0 · · · 0
 = B−1MB
and digit set D˜ = {0, 1, . . . , q − 1}v˜ where v˜ = (0, . . . , 0, 1)t as in (3.3). Then the
sufficiencies of (i) and (ii) come from Theorem 3.2, we now prove the necessities.
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(i) Let Z0 := {ξ = (ξ1, . . . , ξn)t ∈ Rn : mD˜(ξ) = 0} be the zero set of the mask
function mD˜. Then
Z0 =
{(
ξ1, . . . , ξn−1, k +
i
q
)t
∈ Rn : ξ1, . . . , ξn−1 ∈ R, k ∈ Z, 1 ≤ i ≤ q − 1
}
.
For 1 ≤ j ≤ n, by letting ξn = k + iq as above, we observe that
Zj := M˜∗j(Z0) =


−cξn−j+1
...
−cξn−1
−cξn
ξ1
...
ξn−j

: ξ1, . . . , ξn−1 ∈ R, ξn = k + i
q
, k ∈ Z, 1 ≤ i ≤ q − 1

⊂


ξ′1
...
ξ′j−1
k′ − ci
q
ξ′j+1
...
ξ′n

: ξ′1, . . . , ξ
′
j−1, ξ
′
j+1, . . . , ξ
′
n ∈ R, k′ ∈ Z, 1 ≤ i ≤ q − 1

.
By (2.2), the zero set Z(µ̂M˜,D˜) of the Fourier transform µ̂M˜,D˜ can be written as
Z(µ̂M˜,D˜) =
∞⋃
j=1
Zj .
If gcd(q, det(M)) = 1, it follows from c = (−1)n det(M) that
{k′ − ci
q
: k′ ∈ Z, 1 ≤ i ≤ q − 1} ⊂ {k + i
q
: k ∈ Z, 1 ≤ i ≤ q − 1}.
Hence Zn ⊂ Z0, which shows that
Z(µ̂M˜,D˜) =
n⋃
j=1
Zj . (3.5)
We now prove that there are only finite mutually orthogonal exponentials in
L2(µM˜,D˜). If otherwise, there exists a mutually orthogonal set E(Λ) with Λ = {τℓ}∞ℓ=1
for µM˜,D˜, we may assume τ1 = 0 so that Λ \ {0} ⊂ Z(µ̂M˜,D˜). By (3.5), there exists
1 ≤ j0 ≤ n such that Zj0 contains infinitely many elements of Λ. Without loss of
generality, we let Z1 contain infinite elements of Λ, say {τℓi}∞i=1. According to the
8
form of Z1 above, there exist an i0 ∈ {1, . . . , q − 1} and a subsequence {τℓij }∞j=1
satisfying {
τℓij
}∞
j=1
⊂
{(
k − ci0
q
, ξ2, . . . , ξn
)t
: ξ2, . . . , ξn ∈ R, k ∈ Z
}
.
Then for j ≥ 2, the difference
τℓij − τℓi1 ∈
{
(k1, ξ
′
2, . . . , ξ
′
n)
t
: ξ′2, . . . , ξ
′
n ∈ R, k1 ∈ Z
}
.
Hence τℓij − τℓi1 /∈ Z1 for all j ≥ 2. Since (Λ− Λ) \ {0} ⊂ Z(µ̂M˜,D˜), it follows that{
τℓij − τℓi1
}∞
j=2
⊂
n⋃
j=2
Zj .
By continuing the above process n times, finally we obtain an infinite sequence of
differences {τℓm − τℓ∗}∞m=1 such that
τℓm − τℓ∗ ∈
{
(k1, k2, . . . , kn)
t : ki ∈ Z, i = 1, . . . , n
}
.
That means τℓm − τℓ∗ /∈ Z(µ̂M˜,D˜), which is impossible. Therefore, there are only
finite mutually orthogonal exponentials, and µM˜,D˜ is not a spectral measure.
(ii) As c = (−1)n det(M), we only need to prove the µM˜,D˜ is a non-spectral
measure for gcd(q, c) = d where 1 < d < q. Let q = q′d, c = c′d, then gcd(c′, q′) = 1.
Denote by
D˜ = {0, 1, . . . , d− 1}v˜ ⊕ d{0, 1, . . . , q′ − 1}v˜ := D˜1 ⊕ D˜2.
Let
µ1 = δM˜−1D˜ ∗ · · · ∗ δM˜−nD˜ ∗ δM˜−(n+1)D˜1 ∗ δM˜−(n+2)D˜ ∗ · · · and µ2 = δM˜−(n+1)D˜2
where δE =
1
#E
Σe∈Eδe for a finite set E and Dirac mass measure δe at the point e, and
the infinite convolutions converge in the weak sense. Then we have µM˜,D˜ = µ1 ∗ µ2.
It can be seen that
Z(δ̂M˜−1D˜) = {(−c
m
q
, η1, . . . , ηn−1)
t : m ∈ Z, q ∤ m, η1, . . . , ηn−1 ∈ R}
and
Z(µ̂2) = {(c2m
′
dq′
, η′1, . . . , η
′
n−1)
t : m′ ∈ Z, q′ ∤ m′, η′1, . . . , η′n−1 ∈ R}.
Write c2m
′
dq′
= −c−cm′
q
. Since −cm
′
q
= −cm
′
dq′
= −c
′m′
q′
, gcd(c′, q′) = 1 and q′ ∤ m′, it
follows that q ∤ −cm′, and Z(µ̂2) ⊂ Z(δ̂M˜−1D˜). Hence Z(µ̂M˜,D˜) = Z(µ̂1). This
shows that any orthogonal set E(Λ) of µM˜,D˜ is an orthogonal set of µ1, proving that
µM˜,D˜ is a non-spectral measure by Lemma 3.3. 
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Example 3.1. Let
M =
 2 6 4−1 2 2
−1 −1 −4

and D = {0, 1, . . . , q − 1}v where q ≥ 2, v = (0, 0, 1)t. Then M is an expand-
ing matrix and {v,Mv,M2v} is linearly independent. Moreover, the characteristic
polynomial of M is f(x) = x3 + 36. Hence by Theorem 3.4, we have
(i) µM,D has infinitely many orthogonal exponentials if and only if gcd(36, q) > 1;
(ii) µM,D is a spectral measure if and only if q|36.
On the other hand, if the set {v,Mv, . . . ,Mn−1v} is linearly dependent, by using
some techniques of linear algebra, we can reduce the dimension and get the similar
results as Theorems 3.2 and 3.4 .
Lemma 3.5. Let v ∈ Zn \ {0} and M ∈ Mn(Z). If {v,Mv, . . . ,Mn−1v} is linearly
dependent with rank r < n, then there exists a unimodular matrix B ∈ Mn(Z) such
that Bv = (x1, . . . , xr, 0, . . . , 0)
t and
M˜ = BMB−1 =
[
M1 C
0 M2
]
(3.6)
where M1 ∈Mr(Z), M2 ∈Mn−r(Z) and C ∈Mr,n−r(Z).
Proof. Let A = [M r−1v, . . . ,Mv, v] = [aij ]1≤i≤n,1≤j≤r. It is well known that by
a series of elementary (unimodular) row operations on A which is equivalent to
multiple a unimodular B from the left side of A, we can get BA =
[
A′r,r
0n−r,r
]
∈
Mn,r(Z), i.e.,
BA = B

a11 a12 · · · a1r
a21 a22 · · · a2r
...
...
...
an1 an2 · · · anr
 =

a′11 a
′
12 · · · a′1r
0 a′22 · · · a′2r
...
...
. . .
...
0 0 · · · a′rr
0 0 · · · 0
...
...
...
0 0 · · · 0

. (3.7)
Now we show that the matrix B is the desired one. As v = (a1r, a2r, . . . , anr)
t, it
follows from (3.7) that Bv = (a′1r, . . . a
′
rr, 0, . . . , 0)
t := (x1, . . . , xr, 0, . . . , 0)
t.
Suppose
BMB−1 =
[
Mr,r Cr,n−r
Dn−r,r Nn−r,n−r
]
.
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Then
BM =
[
Mr,r Cr,n−r
Dn−r,r Nn−r,n−r
]
B.
Multiplying A = [M r−1v, . . . ,Mv, v] from both right sides of the above identity, we
have
BMA =
[
Mr,r Cr,n−r
Dn−r,r Nn−r,n−r
]
BA
=
[
Mr,r Cr,n−r
Dn−r,r Nn−r,n−r
] [
A′r,r
0n−r,r
]
=
[
Mr,rA
′
r,r
Dn−r,rA
′
r,r
]
. (3.8)
It is known that {M r−1v,M r−2v, . . . ,Mv, v} is a maximal linear independent
group as the rank of {Mn−1v,Mn−2v, . . . ,Mv, v} is r < n. Then there exist
b0, b1, . . . , br−1 ∈ R such that
M rv = b0v + b1Mv + · · ·+ br−1M r−1v
and by (3.7),
BM rv = (c1, . . . , cr, 0, . . . , 0)
t
where cr = b0a
′
rr 6= 0. Moreover,
BMA = BM [M r−1v, . . . ,Mv, v] = [BM rv, . . . , BM2v, BMv]
=

c1 a
′
11 · · · a′1r−1
...
...
. . .
...
cr−1 0 · · · a′r−1r−1
cr 0 · · · 0
0 0 · · · 0
...
...
...
0 0 · · · 0

:=
[
Qr,r
0n−r,r
]
. (3.9)
From (3.8) and (3.9), it follows that Dn−r,rA
′
r,r = 0, and Dn−r,r = 0 as A
′
r,r is
invertible. Thus we have
BMB−1 =
[
Mr,r Cr,n−r
0 Nn−r,n−r
]
.
Since B is a unimodular matrix, B−1 and BMB−1 are also integer matrices. There-
fore Mr,r, Nn−r,n−r and Cr,n−r are integer matrices as desired. 
Example 3.2. Let
M =
1 −3 33 −5 3
6 −6 4
 , B =
 1 0 0−1 1 0
−2 0 1

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and v = (1, 1, 2)t, then Mv = 4v, Bv = (1, 0, 0)t and
BMB−1 =
 1 0 0−1 1 0
−2 0 1
1 −3 33 −5 3
6 −6 4
1 0 01 1 0
2 0 1
 =
4 −3 30 −2 0
0 0 −2
 .
Theorem 3.6. Let M ∈Mn(Z) be an expanding matrix and D = {0, 1, . . . , q − 1}v
where q ≥ 2 and v ∈ Zn \ {0}. If {v,Mv, . . . ,Mn−1v} is linearly dependent with
rank r < n, and M,M1 are expressed as in (3.6), then
(i) µM,D has infinitely many orthogonal exponentials if gcd(q, det(M1)) > 1;
(ii) µM,D is a spectral measure if q| det(M1), where M1 is as in Lemma 3.5;
In particular, if the characteristic polynomial of M1 is f(x) = x
r + c, then
(iii) µM,D has infinitely many orthogonal exponentials if and only if gcd(q, det(M1)) >
1;
(iv) µM,D is a spectral measure if and only if q| det(M1).
Proof. By Lemma 3.5, there exists a unimodular matrix B ∈ Mn(Z) such that
Bv = (x1, . . . , xr, 0, . . . , 0)
t := v˜ and
M˜ = BMB−1 =
[
M1 C
0 M2
]
.
Let D˜ = BD = {0, 1, . . . , q − 1}v˜. Hence it suffices to consider the conjugate case
for M˜ and D˜. For j = 1, 2, . . . , we have
M˜∗−j =
[
M∗1
−j 0
× M∗2−j
]
.
Let v′ = (x1, . . . , xr)
t and D′ = {0, 1, . . . , q − 1}v′. For ξ = (ξ1, . . . , ξn)t ∈ Rn, we
denote by ξ′ = (ξ1, . . . , ξr)
t. It follows from (2.2) that
µˆM˜,D˜(ξ) =
∞∏
j=1
1
|D˜|
∑
d∈D˜
e2πi〈d,M˜
∗
−j
ξ〉 =
∞∏
j=1
1
q
q−1∑
k=0
e2πi〈kv˜,M˜
∗
−j
ξ〉
=
∞∏
j=1
1
q
q−1∑
k=0
e2πi〈kv
′,M∗1
−jξ′〉 = µˆM1,D′(ξ
′).
If E(Λ) is an orthogonal system or an orthonormal basis for L2(µM˜,D˜), we let Λr =
{λ′ = (λ1, . . . , λr)t : λ = (λ1, . . . , λn)t ∈ Λ}, then E(Λr) is an orthogonal system or
an orthonormal basis for L2(µM1,D′). Conversely, if E(Λr) is an orthogonal system
or an orthonormal basis for L2(µM1,D′), we let
Λ :=
{(
λ′
ϕ(λ′)
)
: λ′ ∈ Λr
}
12
where ϕ : Λr → Rn−r is an arbitrary single-valued function, then E(Λ) is an orthog-
onal system or an orthonormal basis for L2(µM˜,D˜). Therefore, µM1,D′ and µM˜,D˜ have
the same spectrality.
By the assumption, {v′,M1v′, . . . ,M r−11 v′} is linearly independent. It follows from
Theorems 3.2 and 3.4 that (i)-(iv) hold for µM1,D′, hence hold for µM,D. 
If the rank of {v,Mv, . . . ,Mn−1v} is r = 1, then v becomes an eigenvector of M
andM1 = ℓ is the corresponding eigenvalue. Indeed, from Lemma 3.5, it can be seen
that Mv = B−1BMB−1Bv = B−1M˜Bv = B−1(ℓx1, 0, · · · , 0)t = ℓB−1Bv = ℓv. By
Theorem 3.6, the following corollary is immediate.
Corollary 3.7. Under the same assumption as Theorem 3.6 with the rank r = 1,
in this case v is an eigenvector of M and M1 = ℓ (as in (3.6)) is the corresponding
eigenvalue, then
(i) µM,D has infinitely many orthogonal exponentials if and only if gcd(q, ℓ) > 1;
(ii) µM,D is a spectral measure if and only if q|ℓ.
Example 3.3. Let M,B and v as in Example 3.2. Let D1 = {0, 1, 2, 3, 4, 5}v and
D2 = {0, 1}v, then µM,D1 has infinitely many orthogonal exponentials but not a
spectral measure and µM,D2 is a spectral measure by Corollary 3.7.
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